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Abstract 

We study the braided monoidal structure that the fusion product 
induces on the abelian category W p -mod, the category of representa- 
tions of the triplet W- algebra W p . The W p -algebras are a family of 
vertex operator algebras that form the simplest known examples of 
symmetry algebras of logarithmic conformal field theories. We for- 
malise the methods for computing fusion products that are widely 
used in the physics literature and illustrate a systematic approach 
to calculating fusion products in non-semi-simple representation cate- 
gories. We combine these methods with the general theory of braided 
monoidal categories to prove that W p -mod is a rigid braided monoidal 
category and that therefore the fusion product is bi-exact. The rigid- 
ity of Wp-mod allows us to provide explicit formulae for the fusion 
product on the set of all simple and all projective W p -modules. 
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1 Introduction 



The theory of vertex operator algebras is an algebraic approach to describ- 
ing the chiral symmetry algebras of conformal field theories, at least when 
the number of irreducible representations of the symmetry algebra is finite 
[U El El II]- Over the last few years a class of conformal field theories, called 
logarithmic conformal field theories, has been the subject of a lot of re- 
search. Logarithmic conformal field theories appear in the description of 
critical points of a number of interesting physical systems. Examples are 
polymers, spin chains, percolation and sand-pile models [51 El [71 El (H [TO] . 
Logarithmic conformal field theories generalise the conformal field theories 
most commonly considered, by allowing the singularities encountered in cor- 
relation functions, when two field insertion approach each other, to be loga- 
rithmic divergencies rather than just poles [UJ. Two necessary consequences 
of the logarithmic divergencies are that Lq the generator of scale transfor- 
mations is no longer diagonalisable and that the representation theory of the 
symmetry algebra is non-semi-simple. The non-semi-simplicity in particular 
has made it quite challenging to find rigorous mathematical classifications of 
the representations of symmetry algebras associated to logarithmic conformal 
field theories. 

Arguably the two best understood families of vertex operator algebras as- 
sociated to logarithmic conformal field theories are the W p - and the W P+)P _- 
series, where p > 2 and p± > 2, with p+,p~ coprime respectively. The 
Wp-series is by now quite well understood [121 HH1 [IH [13 [IHl HH [HI HH1 [20]. 
In particular the representation category W p -mod was completely classified 
in [21] as a C-linear abelian category. On the other hand, the representa- 
tion theory of W p+iP _-series is not so well understood yet. There are well 
supported conjectures for lists of all irreducible and all projective represen- 
tations, but there is still a lot of work to be done [TBI 1221 1231 fH\ [251 126] . 

The purpose of this paper is to analyse the monoidal structure induced on 
Wp-mod, the representation category of the W p triplet algebra, by the fusion 
product of Wp-representations, by making heavy use of all that is known of 
Wp-mod as an abelian category. The main results can be summarised as 
follows: 

• Section 12.31 in which a systematic description is given on how to define 
and compute fusion products in a non-semi-simple setting. 

• Theorem [221 which states that Wp-mod has the structure of a rigid 
braided monoidal category. 

• Theorem S3] which gives explicit formulae for the fusion products of all 
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simple and all projective W p -modules. 

The formulae in theorem |4"31 were first conjectured in |17j . 

As a final comment we would like to note that the W p -series is closely 
related to quantum groups at roots of unity [13 [TB] . Indeed it was shown in 
[2T] that the representation categories of W p and its corresponding quantum 
group are equivalent as abelian categories. It was shown in [27] that the 
standard quantum group tensor product cannot coincide with the W p fusion 
product, because it is not braided. 

The paper is organised as follows. In section [2] we introduce our notation 
for vertex operator algebras, give a short definition of monoidal categories and 
explain how to define and compute the fusion product in the representation 
category \^-mod of an arbitrary C2-cofinite vertex operator algebra V. In 
section [3] we introduce the W p triplet algebra and its representation category 
Wp-mod. Sections [2] and [3] are introductory and serve to familiarise the reader 
with fusion products, the Hp-algebra, representations of the W p -algebra and 
to introduce our notation. 

Section H] contains a detailed analysis of two simple W p -modules which 
we call Xf and X% ■ We calculate their fusion products with all simple W p - 
modules and prove that they are rigid objects in W p -mod. This section relies 
heavily on the notions discussed in sections 12.21 and [2731 In section Owe prove 
this paper's two main theorems [39] and H3] by exploiting the rigidity of Xf 
and X£ to compute the fusion product of Xj~ and X£ with all projective 
modules. This allows to prove the rigidity of W p -mod and to compute the 
fusion product on the set of all simple and all projective modules as well as 
the induced product on the Grothendieck group K(W p ). 
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2 The definition of fusion tensor products 

2.1 Vertex operator algebras and current algebras 

In this section we will briefly summarise our definitions and notation for 
vertex operator algebras. For a more detailed discussion see [281 29J. 

Definition 1. A tuple (V,Q,T,Y) - consisting of a vector space V, two 
distinguished non-trivial elements Q, T and a map Y - is called a vertex 
operator algebra (VOA for short), if it satisfies the following conditions. 

1. The vectors pace V , is a complex non-negative integer graded vector 
space 

oo 

V = (BV[n], (2.1) 

n=0 

such that V[0] = Cn, dimV[h] < oo V7i > and T e V[2]. 

2. The map Y is a C-linear map 

Y : V ->■ Endc[[z, z' 1 }} (2.2) 
A i-)- Y(A; z) = A(z) = ^2 A n z~ n ~ h , 

for A G Vf/i^], such that 

Y(A; z)Q — A G V[[z\]z (2.3) 



and 



3. If we set 



Y{Vt-z) =id v . (2.4) 



r(T;z) = ^L n ^"- 2 , (2.5) 

i/ien i/ie modes L n satisfy the commutation relations of the Virasoro 
algebra with fixed central charge c = cy 

[L m , L n \ = (m - n)L m+n + ^(m 3 - m)5 m+nfi ■ (2.6) 
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4- The zero mode of the Virasoro algebra L acts semi- simply on V and 

V[h] = {Ae V\L A = hA} . (2.7) 



5. For any element A G V we have 

j-Y(A;z) = Y(L^A;z). (2.8) 

6. For any elements A,B G V, Y(A; z) and Y(B; z) are local with respect 
to each othe^ and satisfy the operator product expansion 

Y(A; z)Y(B; w) = £ Y(A n B; w)(z - w)- n ~ h , (2.9) 

where we have assumed that A G V[h] is a homogeneous element. 

When there is no chance of confusion we will refer to a VOA just by its 
graded vector space V. 

Remark 2. By the above definition it follows that for A G V[h] the Virasoro 
generators L Q and L_i satisfy 

[L_ 1 ,A n ] = -(n + h-l)A n _ 1 (2.10) 
[L Q , A n ] = -nA n . 

Next we introduce a finiteness condition due to Zhu [3]. 

Definition 3. A VOA V is said to be C2-cofinite if 

dim c V/c 2 {V) < oo , (2.11) 

where c 2 (V) the subspace ofV defined by 

c 2 (V) = sp&n{A n B\ A G V[h), B G V, n<-(h+ 1)} . (2.12) 

In this paper will will only be considering C2-cofinite VOAs. Among many 
other helpful properties C2-cofiniteness guarantees that the V has only a finite 
number of irreducible representations. 

The algebra of the modes of a VOA V can be understood by using the 
concepts of current the Lie algebra g(V) and the current algebra U{V) of V . 

1 Locality is essentially equivalent to the the vertex operators Y(A;z) and Y(B;w) 
commuting. For a more precise definition we refer to |29j . 
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The representation theory of a VOA V can be defined by left -modules 
with some extra properties, which we will explain in sequel. 

Let V be a VOA. Consider the spaces V {1) = ® h > o V[h]0C[[^^- 1 ]](d^) 1 - h 
and V® = ft > o y[/i] <g> C[[^^- 1 ]](d^)- h as well as the C-linear map V : 
y(o) defined by 

v(« ® mmr h ) = l. iV ® /(OKr" + « ® ^(do 1- "- (2.13) 

Definition 4. Define 

g (V) = \/ {1) /W (0) . (2.14) 
T/ien 0(V) has the structure of a Lie algebra given by 

[v®f(dO l ~ hl ,w®g(d0 1 - h2 }= (2.15) 

For each element A e V[h\ we denote 

A„ = [A <g) r + ' l " 1 (d0 1 "1 e 0(F) . (2.16) 

and 

L„ = [T(g)r" 1 (de) 1 - n ]efl(^)- (247) 

Then {L n } generate the Virasoro Lie algebra as a subalgebra in g(V) and 
the Lie algebra g(V) has a Z-graded Lie algebra structure by 

fl(V)[d] = {pG g(V)\[L ,g]=dg} . (2.18) 

By definition A„ are the elements in fl(V)[— n]. 

We now define the current algebra U(V) of V. We first consider the uni- 
versal enveloping algebra U(g(V)) of q(V). Then U(g(V)) has the structure 
of a Z-graded algebra by decomposition into L eigenspaces 

U(g(V))[d] = {Pe U(g(V)) I [L ,P] = dP} . (2.19) 

Consider the degreewise completion of U(g(V)) 

UWT) = J2 U ^ V »W (2-20) 
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and consider the degreewise closed two sided ideal 

X = Y,W\ (2.21) 



of U(g(V)) generated by the Borcherds relations which arise from the oper- 
ator product expansion 

Y(A; z)Y(B; w) = Y ( A nB; w)(z - w)- n ~ h . (2.22) 

Definition 5. The current algebra U(V) of V is the topological Z-graded 
algebra 

u{v) = ^u(v)[d\ = Y^uWWVW}- (2-23) 

d d 

The following proposition is very important in this paper, because it 
allows us to switch back and forth between calculations in the current Lie 
algebra and the current algebra. 

Proposition 6. The canonical Z-graded Lie algebra map 

a(v) = = Y, u{ yM (2.24) 

d d 

has a dense image. 

We define nitrations of U(V) 

F k (U) = Q)U(V)[d], (2.25) 

d>k 



J^) = 0W(l/)[i 



d<k 



satisfying 



■T k -i(U) D T k {U) D F k+ i{U) ■■■ , (2.26) 
■F k ~\U) cT k (U) cF k+1 (U)--- . 



The category V-mod of representations of the VOA V is defined using 
left W(lO-modules. 

Definition 7. A representation M of the VOA V , also called a V -module, is 
a left Li (V) -module containing a finite dimensional J^oiU) invariant subspace 
M Q such thatU{V) ■ M = M. We denote the abelian category of V -modules 
by V-mod. 
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For any V-module M we can define the C-linear map 

Y M : V ->■ End c (M)[[2,^ 1 ]] (2.27) 
A^Y M (A;z) = J2pM(A n )z- n -\ 

n&L 

where pu is a representation of the current Lie algebra q{V) on M and we 
have assumed that A e V[/i]. Then we have the following formulae 

F M (fi^) = id M (2.28) 
-^F M (A; z) = Y M (L_ 1 A; z) 

and for all AeV[h] and B £ V , the operators F M (A; z) and F M (.B; iu) are 
local with respect to each other and satisfy the operator product expansion 

Y M (A; z)Y M (B; w) = ^ Y M (A n B; w)(z - w)- n ~ h . (2.29) 

Proposition 8. 1. The number of isomorphism classes of simple V -modules 
is finite. 

2. For any V -module M all Jordan-Holder series 

M = M D Mi D • • • D M n = {0} , (2.30) 
such that Mi/M i+ i are simple V -modules, are finite. 

3. Each V -module M decomposes into a direct sum of finite dimensional 
generalised L -eigenspaces M[h] 

M = 0M[/i], (2.31) 

h&H 

M[h] = {ue M, (L Q - h) n u = 0, for some n > 1} , 

where H is the set of all weights, a discrete subset of C generated from 
the finite set H of highest weights by adding all non-negative integers. 

4- V -mod admits a contravariant endofunctor called the contragredient or 
contragredient dual. 

Definition 9. The current algebra U(V) admits the algebra anti- automorphism 

a :U(V)[d] ->U(V)[-d\, (2.32) 
which for A e V[h] is defined by a(A n ) = (— l) h A^ n . 
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Definition 10. For any V -module M the contragredient V -module M* is 
defined by 

M* = J2 Homc(M[/i], C) (2.33) 

heH 

as a vector space. While the action of the current algebra is given by 

(Ptp,u) = {tp,<j(P)u), (2-34) 

for ip G M*,u G M, P G U{V). The contragredient of the contragredient is 
again the original module M = (M*)*. 

To better analyse V-mod we define finite dimensional C-algebras Ak(V), k 
0, 1, ... in the following way. Consider the degreewise closed right W(V)-ideal 



X k = F k+1 {U) ■ U(V) C U(V) (2.35) 
and consider the two sided J-q{U) ideal 

I k =l k nJF Q {U). (2.36) 
Taking the quotient of J-q(JA) by I k we define a series of C-algebras 

A k (V) = ^fl. (2.37) 

Proposition 11. For k — 0, 1, 2, . . . the C-algebras A k (V) are all finite di- 
mensional. 

We denote by A k (V)-mod, the abelian category of finite dimensional left 
A k (V)-modu\es. We define the covariant functor 

A k : \/-mod ->■ A k (V)-m.o& (2.38) 

Proposition 12. 1. A V -module M is the zero module if and only if 
A k (M) is the zero module. 

2. If M is a simple V -module, then A k (M) is simple and the set of iso- 
morphism classes of simple V -modules are in one to one correspondence 
with the isomorphism classes of simple A k (V) -modules. 
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The k — case is most important to our work at hand, we will refer to 
Aq{V) as the zero mode algebra of the VOA V . 

To define the notion of the fusion tensor product on V-mod, we prepare 
some additional concepts and definitions. As a first step we define left and 
right completions of the current algebra U(V). For each k G Z define 

7\U L ) = Y[U(V)[d} T k {U R ) = \{U{V)[d} (2.39) 

d<k d>k 

U L = \jF k (U L ) U R = \Jf k (U R ). 

k k 

Then U L and U R are topological C-algebras with topologies defined by the 
nitrations J-" fe (W L ) and J-^W^) and the canonical inclusions 

U{V)^U L (2.40) 
U(V) ^U R 

have dense images. 

For any object M of V^-mod, we define its closure by 

M = fmM/J fc (W)(M) . (2.41) 
k 

Then there is a continuous action of U R on M. Note that M already has 
the structure of a W L -module. By the properties of projective limits M is 
equipped with a complete Hausdorff linear topology. Then the action of the 
current algebra U (V) is uniquely extended to an action of U R on M. The two 
spaces M and M share the same generalised L -eigenspaces M[h] = M[h] 

M[h] = {me M\ (L - h) n m = 0, for some n > 1} (2.42) 
M[h] = {m G M| (L - h) n m = 0, for some n > 1} , 

but unlike M, M also contains infinite sums of generalised L -eigenvectors 

M = Y[ M[h] . (2.43) 
hen 

The image of the canonical inclusion M — > M is dense. 

For any ^-module M there is a canonical surjective linear map 

A k +i(M) ->■ A k (M) (2.44) 
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and the projective limit 

jmA(M) (2.45) 

k 

has a unique continuous U R action. Indeed 

M = \^mA k (M) (2.46) 

k 

as a continuous W^-module. Also we have the canonical homomorphisms 

q l (V)^U l (2.47) 
q r (V)^U r , 

which both have dense images. 
For each fceZwe define 

&k(V) = J2d(V)[d]. (2.48) 

d>k 

Then the canonical map 

Qk(V) -> 7- fc (W) -> 7- fc (W fl ) (2.49) 

has dense image. So we have the C-linear isomorphism 

M M t . . . 

TT77T = • ( 2 - 5 °) 



fl fc+ i(y)(M) 4(M) 

Therefore we have 



M 

M = l}m 77777777 (2.51) 

^-ii,m (V\( M\ v y 



- 0fe+1 (\/)(M) 

For later use we define for each ^-module M the quotient 

M M 
ci(M) ~~ span{A_ n m | m e M, A e V[h], n>h>0} 



(2.52) 



Then M/c^M) is a finite dimensional complex vector space and there exists 
a canonical surjective linear map 

M 

->• A(M) . (2.53) 



ci(M) 

Also for later use we introduce the following notation 
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Definition 13. Let M be a V -module, then we define L -graded subspaces 
M° and M s , such that 



M = M° ®di(V) ■ M , 

M = M s © Cl (M), 



(2.54) 



respectively called the zero mode and the special subspace, such that the 
canonical maps 



are C-linear isomorphisms. 

Remark 14. The subspaces M° and M s are not uniquely defined. We will 
fix specific choices of subspaces in a later section. 

2.2 General properties of braided monoidal categories 

In this section we introduce the concepts of monoidal categories, their rigid- 
ness and some general properties. We mainly follow the appendices of the 
seminal papers due to Kazhdan and Lusztig [301 Appendix A] as well as the 
standard reference for monoidal categories [31]. We will only be considering 
monoidal categories that are also C-linear and abelian and we assume that 
the reader is familiar with basic notions of abelian categories such as exact 
sequences, projective modules, injective modules, etc. 

Definition 15. A monoidal category is a tuple (C, ®, 1, a, A, p) - just (C, <S>, 1) 
for short - where C is a category, g) : C x C — > C is the tensor product bi- 
functor, 1 G C is the tensor unit, (Xl,m,n '■ L <g) (M <8> N) ^> (L (g> M) ® N 
is the associator, Xm '■ 1 <E> M — )■ M is the left unit isomorphism, and 
Pm '■ M <S> 1 — > M is the right unit isomorphism. These data are subject 
to conditions, in particular a satisfies the pentagon axiom and X, p, a obey 
the triangle axiom. 

Definition 16. We say that an object M is weakly rigid if the contravariant 
functor 



M° 



-+ MM) 
M 



(2.55) 



ci(M) 



F M {-) = Hom(- ® M, 1) 



(2.56) 
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is representable, i.e. for all objects N there exits an object M v called the 
tensor dua$ such that 

Hom(iV (g) M, 1) = Hom(iV, M v ) . (2.57) 

Therefore if M is weakly rigid there exits a morphism 

e M : M v g> M -> 1 (2.58) 

that is isomorphic to idjv/ v G Hom(M v ,M v ) by the equivalence (I2.57p . A 
monoidal category is called weakly rigid if all its object are weakly rigid. 

Definition 17. An object M is said to be rigid of it is weakly rigid and there 
exits a morphism 

i M ■ 1 -> M <8> M v , (2.59) 

id M = Pa/ ° (id M ® e M ) ° ^m,m^,m ° (*Af ® id A/) ° A^ 1 (2.60) 
id M v = \ M v o (e M <g> id M v) o a M ,M v M ° (id A f v <S> U/) ° P^v • 

Definition 18. A braiding b on a monoidal category (C, <g>, 1) zs a natural 
transformation between the functors <g) and ®oF, where P:CxC^-CxC 
is the permutation (M, N) — >■ (AT, M). For M, N in C, b defines a morphism 
bu,N e Hom(M ® iV, iV <g> M) satisfying 

1. All bu,N ^re isomorphisms, 

2. For any L, M, N in C we have 

bL®M,N = C t ~N\L,M (pL,N ° idjtf) O OI^jV.Af O (id L <g) &M,7v) <8> aZ,Af,JV 

' (2.61) 

bl,M®N = OCM,N,L O (id M ® &L,7v) ° "j^X.JV ° ° ® ®L,M,N , 

5. For a// M in C 

&m,i = &i,m = idM • (2.62) 

A monoidal category (C, <g>, 1) satisfies a number of nice properties 

2 Strictly speaking M v is called the right dual. There is a similar notion of a left dual. 
However if the tensor category is braided then these notions are related. We will therefore 
only be considering right duals. 



13 



Proposition 19. Let (C, <S>, 1) be a monoidal category, then 

1. For any rigid object M in C the functors 

M<g>- -®M:C^C (2.63) 

are exact. 

2. For a rigid object M with dual M v and arbitrary objects N, L we have 
the isomorphism 

Hom(iV, M®L) ^ Hom(M v ® N, L) (2.64) 

3. Let M in C be rigid with dual M v . Then for any projective object P 
M v ®P is projective. For any injective object I, and M '(g) J is injective 
in C if M v is also rigid. 

4- Assume that 

(a) The abelian category C has enough projective and injective objects. 

(b) All projective objects are injective and all injective objects are pro- 
jective. 

(c) All projective objects are rigid. 
Then if 

— > L — > M — > N — >0 (2.65) 

is an exact sequence in C such that two of L, M, N are rigid, then the 
third object is also rigid. 

5. If M,N in C are rigid objects, then M ® N is also rigid and its dual 
(M Cg) N) y is given by 

(M®N) y = N w ®M w . (2.66) 

2.3 Fusion tensor products and their properties 

Fusion plays a central role in analysing conformal field theories and is indeed 
the central theme of this paper. Fusion describes the short distance expansion 
of two fields on the level of the representations. The fusion product M®N 
of two V-modules M and N is the smallest V-module in which all the fields 
appearing in the short distance expansions - of fields transforming in M with 
fields transforming in N - transform. 
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There is a wealth of literature on fusion tensor products in both math- 
ematics and physics. In the case of rational conformal field theory the rep- 
resentation category is semi-simple and the theory of fusion tensor products 
is well established [32j [33] . If the conformal field theory is logarithmic, the 
representation category is not semi-simple. Fortunately there are compu- 
tational methods in physics one can fall back on for defining fusion tensor 
products without assuming semi-simplicity [3U ES]- For VOAs arising from 
affine Lie algebras, there exists a mathematically rigorous definition of fusion 
tensor products due to Kazhdan and Lusztig [30J that does not rely on semi- 
simplicity. In this paper we will state our definition of fusion in the spirit 
of [301 E2l [33j [3U |35] in the case of c 2 -cofinite VOAs in a mathematically 
rigorous way, but postpone the proof of its properties to [SB]- We will be 
generalising the notions developed in [28J. 

We fix a C2-cofinite VOA V and prepare some notation. 

Definition 20. We define the current Lie algebra on the Riemann sphere 
with punctures at 0, 1, oo by 

n p m eZ^V[^]®C[z,z-\(z-l)-^- h 

{> v(e^ =0 y[n]®c[z,^,(z-i)-i]d^)' ( - ) 

where V is defined as in (I2.13P 

V{A g> f{z)dz- h ) = L-xA ® f{z)dz- h + A® ^A&z 1 - 11 . (2.68) 

Then Q V (V) has the structure of a Lie algebra given by 

[A ® f(z)dz 1 ~ hA ,B <8> g{z)dz 1 - hA ] = (2.69) 
E ^ hA+1 B 9 ^9( Z )dz^-^ , 

m=0 

forAe V[h A ] andB e V[h B }. 

For f(z) G C[z,z _1 , (z — 1) _1 ] we denote the Laurent expansions at 0, 
1 and infinity by /„(£„) G C((f )), G C((fi)) and /«,(£«,) G C((^ 00 1 )) 

respectively. For example for 

/(*) = (2-70) 
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the expansions and radii of convergence are given by 

io(£o) = -]Tc £0 = ^ i>M>o (2.71) 

n>0 

/i(eo = er 1 & = *-i i>i«-i|>o 

/oo(u = E^ (n+1) ^00 = ^ 1*1 >i. 

n>0 

Then we can define Lie algebra homomorphisms 

Ja--9 V (V)^9 L a = 0,1 (2.72) 

where q l and g R are the left and right completions of g(V) defined in (12.471) . 

by 

j L a {[A ® f(z)dz 1 - h }) = LA ® m a )de a - h ] (2.73) 

j*([A ® /(^)d^- ft ]) = [a ® /oo(eoo)^- fc ] . 

The Lie algebra maps and j R have dense images. 

The analogue of Qk{V) for the current Lie algebra on the Riemann sphere 
is given by 

Ql(V) = span{L4 ® f(z)dz 1 - h ] e Q P (V)\ ord 00 (/(z)) < h - 1 - A;} , (2.74) 

where ordoo(/(z)) is the order of the pole of f(z) at infinity. The image of 
the map 

dl(V) 3 f 7*( W *) (2.75) 
is dense and therefore the cannonical map 

iEoo S (276) 

is an isomorphism, hence 

Now consider the map 

j lt0 = ® 1 + 1 ® J L : P (VO -> L ® 1 + 1 ® g L (2.78) 

Then for any two V- modules M, N, the vector space M ® iV is a left P (^)- 
module by ji^. 

Then we have the following. For each k — 0, 1, 2, . . . 
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1. dim c M (g) N/g ¥ k (V)(M (g) N) < oo 

2. The Lie algebra q r = lim fe g p (V r )/gf (V) acts continuously on the pro- 
jective limit 



M®N = lim p/ (2.79) 

by j« : fl P (V) fl*. 

Furthermore by jj^ — > U R the right completion of the current algebra 
acts continuously on this space. 
Define for each h G C, 



M(g)N[h] = {me M®N\ 3n > 1 s.t. (L - h) n m = 0} . (2.80) 

Then the fusion product of M and iV is given by 

M®N = M(g)N[h] . (2.81) 
heC 

Proposition 21. 1. The space M®N is a V -module. 
2. For each k > we have the C-linear isomorphisms 

M M®N) = mN , ~ t M ® N , . (2.82) 
Most notably we have the Aq( V) -module isomorphism 

MmN) ^ m^NY (2 - 83) 

The proof of the following Theorem will be postponed to [35] a paper 
dedicated solely to giving a precise formulation of the fusion tensor product 
for C2-cofinite VOAs on Riemann surfaces of arbitrary genus. 

Theorem 22. 1. The triplet (V— mod, <g>, V) is a braided monoidal cate- 
gory with unit object V = 1. 

2. For any V -module M , the contravariant functor from V -mod to C- Fee 
the category of complex vector spaces 

F M : F-mod -> C-Vec (2.84) 
N ^ F M (N) = Hom v _ mod (iV<g)M, V*) , 

where V* is the contragredient of V, is represented by M* the contra- 
gredient of M, i.e. 

F M (N) = Hom v _ mod (iV, M*) . (2.85) 
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The construction of the associators 



ct L ,M,N ■ L®(M®N) ^ (L®M)®N (2.86) 

and the braiding 

b MiN : M®N 4 N®M (2.87) 

is highly non-trivial. To construct them one must determine a set of differ- 
ential equations - called the KZ-equations - that characterise the iV-point 
conformal blocks of the conformal field theory associated to V^-mod. Some of 
the calculations required to prove theorem [22] have already appeared in [28]. 
The full proof will be given in [36J. 

Unfortunately the definition of M®N is rather difficult to work with, 
because even though the image of canonical map 



M®N^M®N (2.88) 

is dense, it generally does not lie in M®N . 

However for each k > we can make use of the isomorphism 

(2 ' 89) 

By analysing these quotients, we can study M®N level for level. For any 
given element m (g) n G M <g> iV ', we will denote the class it represents in 
A k {M®N) by [m®n\. 

As we shall see in the sequel, for the purposes of this paper it will be 
sufficient to make statements about A$(M®N) and in one case A\{M®N). 
As a vector space 0i(V) is spanned by elements of the form 

[v <8> z- Tl+h - l <\z l -% v e V[h] (2.90) 

for n > and 

[v ® [z - l)~ m+h - 1 dz 1 -% veV[h] (2.91) 

for m > h. From the expansions defined above it therefore follows that in 
Ao(M<g)N) for 1 < n < h — 1 we have the relations 

ji,o([v ® z-^^dz 1 - 11 ]) = (2.92) 

h—l—n 



Efh — 1 — n\ 

fc=0 ^ ' 
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and for m > h 

]i fl {[v®z- m+h - l dz 1 - h })= (2.93) 

El m — h + k\ , . fr 
( m _ h )(-l)V-(/ l -i)®l + l®^- m = 0, 

fe>0 ^ ' 
Ji,o{[ v ® - ly^^dz 1 ^ 1 ]) = 

Efm — h + k\ , . . i m 
)(-i) fc - 1 - m i®« Mfc _ 1) = o. 



fc>0 

The action of the zero modes is given by 



hA^)=hA\^®^ ^ \) (2-94) 

h-l 



^ V jfe / ^-C 1-1 ) ® 1 + 1 ® ?; o 

z — n V / 



fc=0 

For the generators of the Virasoro algebra this means 

L_i <8> 1 ~ -1 ® L_i (2.95) 

OO y- O I *\ 

l_„ ® i ~ ^ ( n ~ _ + 3 ) (-ir i ® 

1 ® L_ n ~ - f; ( n 2 J ] (-l)^i-i ® 1 , 

3=0 \ 71 ' 

for n > 2 and 

j'i i0 (L ) = L_i ® 1 + L ® 1 + 1 ® L . (2.96) 

To aid us in computing Ao(M®N), we make use of the special and zero 
mode subspaces in definition [T3] to state the following proposition due to 
Nahm 



Proposition 23. Let M and N be V -modules. Then the canonical C-linear 
map 

M S ®N -»■ A (M®N) ->0. (2.97) 

is a surjective. 

Proof. Let m ® n e M ® N, A e V[h A ], B e V[h B ), k > h A and t > 0. We 
introduce two kinds manipulations by using the formulae in (I2.93|) 
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1. Moving modes to the right 

[A_ k m ® n\ = - J2 ( k ~ k _1 + J [ m ® ^j-(fcA-i) n ] • ( 2 - 98 ) 

Note that is replaced by modes with a mode number that is greater 
than —k, i.e. the grading is lowered. 

2. Moving modes to the left 

[m ® £_^n] = - X) ( ^ ~ * J t 5 i-(^-i) m ® n ] • ( 2 - 99 ) 
j>o V J / 

Note that B_i is replaced by modes with a mode number that is greater 
than or equal to —£, i.e. the grading is lowered or stays the same. 

Since the image of the canonical map flfc(V) — > J~i(V) is dense and 
J r i(V)(M) = Iq(M), any element n in N is represented by n = x-n^ for some 
x G 0i (V) and n G iV°. Then by using formula (12.991) . the class [m ® n] 
can be represented by m' eg) n for some m' G M. Consider m G Ci (M) and 
n G iV°, we can assume that m is homogeneous such that m G Ci(M)[h] for 
some /i. By definition we can assume that m has the form 

m = A_ k m (2.100) 

for some m G M s and A G V[/ia]> k > h^- Then by using formula (I2.98P 

For each summand we use again the fact that the class [mo<8>Aj_(k A _i)7io] can 
be represented by an element ® n' G M g) iV . If we decompose m' into 
homogeneous summands, then the weights of the individual summands will 
all be less then the original weight h of m. Because the weights are bounded 
from below, a finite number of applications of the formulae (12.981) and (I2.99|) 
will yield a representative in M s £g> iV° for any class [m (g) n] . □ 

Before we end this section on the fusion product we consider the relation 
between the fusion product (gy of a VOA V and the fusion product (g)y of 
a sub VOA V c V. 

Proposition 24. Let V be a c 2 -cofinite subVOA of the VOA V. Let M and 

N be V -modules, then they are also V -modules and there exits a surjective 
V -module map 

M® V ,N M® V N . (2.102) 
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Proof. Since 

Qk(V) C Q k (V) (2.103) 
there is a canonical surjection of A k (V')-modu\es 

A k {M® v ,N) = i^-^ = A(M® y iV) . (2.104) 

Note that for sufficiently large k, a given generalised L -eigenspace is stable, 
i.e. 

A k (M(g) V N)[h] = A k+1 {M® v N)[h] = (M(g) V N)[h], k » . (2.105) 

Therefore the surjection (I2.104P implies a surjection 

M® V 'N[h] ->■ M®yJV[/i] (2.106) 

between generalised L -eigenspaces. This can be repeated for all values of h 
and therefore there exists a surjective V^'-module map 

M(&v'N M® V N . (2.107) 

□ 

Proposition 25. Let M be a V -module, then the covariant functors M®— 
and —®M are right exact. 

Proof. We prove the proposition for M®— . The proof for — £g>M follows 
analogously. 

Let A,B,C G V^-mod satisfy the exact sequence 

0^ A^ B -*0. (2.108) 

Then the sequence 

M®A M®B M(g)C -»■ . (2.109) 

is exact if the restriction to the generalised L -eigenspaces 

M®A[h] -> M®S[/i] -> M®C[/i] ->■ (2.110) 

is exact. Because for sufficiently large k the generalised Lo-eigenspaces for 
fixed generalised eigenvalue h are stable under taking A k quotients, we con- 
sider the sequence 

M®A M®B M®C 

9 P k (V)(M ® A) W ~* Ql(V)(M <g> B) W ^ Q p k (V)(M ® C) ^ ^ ' ^ AAAJ 

which is clearly exact. □ 
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2.4 Algebra morphisms between products of modules 

We have defined the fusion tensor product in V-mod. Now we introduce the 
concept of vertex operators in a conformal field theory on P associated to 
V-mod, by extending the notions in [32] . 

For a V^-module M we have defined the topological completion 

M=JjM[/i]. (2.112) 

For any two ^/-modules M, N we denote by Hom^(M, N), the space of con- 
tinuous C-linear maps from M to N. Then we have a C-linear isomorphism 

Rom u{v) (M,N) = Rom U R(M,N). (2.113) 

Now for the K-modules L, M, N consider the complex vector spaces 



Rom u{v) (M®N,L) Hom W H (M®JV, L) . (2.114) 

We know that 

M ® N 



Mm ^^w^W)- (2 - 115) 



So there exists a injective C-linear map 



Rom u(v) (M(g)N, L) Rom c c (M®N , L) -»■ Hom c (M ®N,L). (2.116) 

The following proposition characterises the image of this map. 

Proposition 26. For ^ G Honic(M g) iV, L) i/ie necessary and sufficient 
condition for ip to lie in the image of the map from Hohi^q (M®iV, L) is that 
for all f(z) G C[z, z~\ (z - l)' 1 ], A G V[h], m G M and n G iV 

i«([^/( 2 )d^])^(m)n), (2.117) 

where we denote 

ip : m eg) n h-> if)(m)n . (2.118) 

Now consider the complex algebras C[z, z" 1 , y, y~ x , [z — y)^ 1 } and 1Z = 
C[y, y^ 1 }. An element f(z, y) G C[z, z" 1 , y, y' 1 , (z — y)^ 1 } can be thought of 
as a rational function on P x P. We consider three domains. 

1. U = {(z,y)eFxF\\y\ > \z\ > 0}, 
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2. t/ v = {(^,3/) e F x F||3/| > - 3/| > 0}, 

3. U oo = {{z,y)eFxF\\z\>\y\>0}, 

and define local coordinates £ a ,y on U a , a = 0, y, oo by defining £ = z , 
£ y = z — y and ^ = z. Then we can define the algebra homomorphisms 

ia ■ C[z, z~\y, y-\ (z - y)' 1 } K((£ a )) , a = 0,y, (2.119) 

and 

£ : C[*. z-\y, y-\ (z - y)- 1 ] ^((C 1 )) (2.120) 

by expanding /(z) on the open sets U a by the local coordinates (£ tt , y). We 
denote (/) = f a (£a,y) for a = 0,y and = /oo(£oo; 2/)- Then we can 

define the current Lie algebra 0^(V) over 72. by 

07 " 1 J V(e^ =0 F[n]®C^z- 1 ) y,y- 1 ,(^-y)- 1 ]d^)' l ' J 
where V is defined as in (12.13p 

V(A <g> /(z, y)dz- ft ) = <g> /(z, y)dz- ft + A g> ^g^W ^ . (2.122) 

Then g^(V^) has the structure of a Lie Algebra given by 

[A ® /(z, y)d« 1_AA , 5 ® #(z, 2/)dz 1_AA ] = (2.123) 

m! dz m 

m=0 

Therefore we can define Lie algebra homomorphisms over 72 

ia :g^(V0^72®g L , o = 0,y, (2.124) 

in the same way as in (12.731) . 

Definition 27. For V -modules L, M, N a Homc(M® N, L) -valued holomor- 
phic function ip{y) on C* - which may be multi-valued - is called a vertex 
operator of type ( L A jy) if it satisfies the following two conditions. 

1. For f(z) E C[z, z _1 ,y,y _1 , (z - y)~ l ], A e V[h), m e M and n G N 
we have 

j* {[A® f(z,y)dz 1 - h ])(i;(m;y)n) = (2.125) 
ip(3y(\A ® f(z, y)dz 1 - h ]m] y))n + if>(m; y)tf{[A ® f(z, y)dz 1 - fl })n . 



23 



2. For m G M and n G N 

—ip(m; y)n = 



■0(L_im; y)n . 



(2.126) 




Then we have the following theorem. 

Theorem 28. The image of the map y) h-> ; 1) zs contained in the 
image of the injection 



and the two images are equal. 

By the above vertex operator one can define iV-point conformal blocks 
and prove the validity of the associativity and braiding constraints. As we 
have mentioned before, this will be postponed to [36J. 

We will revisit these concepts for one special case when proving the rigid- 
ity of the Wp-module X%. We also make note of a slight abuse of notation 
we will be using. When considering an element ip G Hornby) (Mcg>iV, L) and 
m G M, n G iV we will identify m <8> n with ip(m)n, when there is no chance 
of confusion. 

3 The abelian category W p -mod 

In this section we briefly review the structure of Wp-mod as an abelian cat- 
egory following [21]. 

3.1 General properties of W p -mod 

For p > 2 the VOA W p is generated by the identity 1, the energy momentum 
tensor T(z) and three weight 2p — 1 primary fields W e (z), where e — ±, 
labels sl2-charges. The central charge of the theory is given by 



Hom w(y) (M<g>iV, L) -> Hom c (M ®N,L), 



(2.128) 



c p = 1 — 6 



(P - I) 2 



(3.1) 



V 
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It has been shown in [TS] that W p is C2-cofinite. 

As an abelian category W p -mod decomposes into a C-linear sum of abelian 
subcategories 

p 

W p -mod = 0C s , (3.2) 

s=0 

where for 1 < s < p the C s are full abelian subcategories of Wp-mod. For 
s^s' and Af G C s , Af' G C s /the spaces Ext{v (Af, M') = for any i G Z, in 
particular Hom Wjp (M, M' ) = Ext^ (Af, Af') = 0. The two subcategories C 
and C p are semi-simple and contain one simple object each 

X p +Gobj(C p ) X p -Gobj(C ) (3.3) 

which are projective in C p and Co respectively as well as in Hp-mod. We 
will therefore occasionally also denote these modules by P p = X p . For 1 < 
s < p — 1 the subcategories C s are not semi-simple. They contain two simple 
objects each 

X+, X"_ s G obj(C s ) . (3.4) 

We denote the projective covers of and X~_ s by P s + and P~_ s respectively. 
They are characterised by the socle series^ of length 3 

Xt = S (P+) C 5x(P s + ) C S 2 (P+) = P s + (3.5) 
X p _ s = S (P p _ s ) C Si(P~_ a ) C S 2 (P p _ s ) = P p _ s , 

such that 

S 1 (P+)/S (P+) = 2X;_ S S 2 {P+)/S 1 {P+) = Xt (3.6) 

Si(Pp- B )/ So(Pps) = 2X S + S 2 {P p _ s )/ Si(P p _ s ) = X p _ s . 

Both P s + and P p ~_ s have two occurrences of and X~_ s as subquotients 
therefore they have identical characters. 

The simple and the projective modules of Wp-mod are all self-contragredient, 
i.e. Xf = Xg and P s e * = P s e for 1 < s < p, £ = ±. In particular the vacuum 
representation, X^ which is the tensor unit, is self contragredient. Therefore 
by proposition [19] (Wp— mod, <8>, X±) is weakly rigid and for each Wp-module 
M its weakly rigid dual M v coincides with its contragredient M*. 

For 1 < s < p — 1 the subcategories C s also contain 6 families of indecom- 
posable modules characterised by socle series of length 2. For d > 1 these 
are summarised in the table below. 

3 A socle series of a module M is a filtration of submodules Sx(M) C •• • S n (M) = M 
such that S\(M) is the maximal semi-simple submodule of M and Si(M) / Si-%(M) is the 
maximal semi-simple submodule of Sj+i/Si_i(M). 
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G t,d 




Kd 


Hp-s,d 




^-s.dW 


S\/ So 


(d + l)X+ 


(d + l)X~_ s 


dX+ 


dX~_ s 


dX+ 


dX~_ s 


s 2 /s 1 


dX~_ a 


dX+ 


(d+l)X~_ s 


(d + l)X+ 


dX p _ s 


dX+ 



Note that I* d (\) and iTL sd (A) are not uniquely characterised by their socle 
series alone. To each of the two series there corresponds a continuous family 
of inequivalent indecomposable modules parametrised by A G P. 

The simple modules can be decomposed into direct sums of simple 
Virasoro modules 



Xj = 0(2m - l)C h2m _ hs (3.7) 

m=l 

oo 

X- = 2mC h2mt3 , 

m=l 

where Ch r . s is the highest weight irreducible Virasoro module of weight 

h r , s ^^{{rp-sf-{p-lf) , (3-8) 

therefore the weights of and X~ , which we will denote by and hj, 
are h\ jS and h 2tS respectively. 

The dimension of the highest weight spaces X^ [hf] is 1 and the dimension 
of the highest weight spaces X~ [hj] is 2. We fix non-zero vectors u s G X+ [hf] 
and we fix a basis v+,v~ of X~[h~] which satisfies the following conditions 

w+vt = o, w -v; = . (3.9) 

Then t>+ and v~ are universally determined up to constants. 
We have the following results. 

1. The Virasoro submodules U(C)u s are isomorphic to the irreducible Vi- 
rasoro modules Ch l s and the Virasoro submodules U{C)v^ are isomor- 
phic to the irreducible Virasoro modules £h 2 . s - 

2. The action of the first few modes of the W- fields on the highest weight 
vector u s of Xf , 1 < s < p is given by 

Wl k u s = e = 0,±, k<2p-s. (3.10) 

3. The action of the first few modes of the W- fields on the highest weight 
vectors of X~, 1 < s < p, /i — ± is then given by 

{=0 e = fi 

e = e = ±,0 k < 3p - s . (3.11) 

eU(C)v;» e = -n 
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After defining Wp-mod, we now turn to A (W p )-mod - the category of 
zero mode quotients of Wp-modules. We define elements of A (W p )-mod, in 
the following way 

T s = Ao(X £ s ), l<s<p,e = ±. (3.12) 

Then the X e g are simple objects in A (W p )-mod and any simple object of 
Ao(W p )-mod is isomorphic to one of the objects X s . 

Just like Wp-mod, A (W p )-mod also decomposes into a C-linear direct 
sum of abelian subcategories 

v 

A)(W p )-mod= C £ s . (3.13) 

S=l,£=± 

The subcategories C p and C s , 1 < s < p are semi-simple and each contain 
one simple module 

X p + e obj(C p + ) x; e obj(CJ . (3.14) 

For 1 < s < p — 1 the subcategories C s + are not semi-simple. In addition to 
one simple module 

X;,eobj(C s £ ), (3.15) 

they also contain and one reducible but indecomposable module X s + that is 
the projective cover of X s and satisfies the exact sequence 

— ► X s + — ► X+ — ► X s + — ► . (3.16) 

The image of the indecomposable Wp-modules in A (W p )-mod is 

•4o(X±) = *f ^o(^(A)) = dX + s A (G- d ) = (d+_l)X; 8 dX+_ s 

^o(G+ d ) = (d + 1)< = = rf^^© (d +1)<_ S 

•4o « d ) = dX+ .4 (iV ) = X s e 2X+_ S A (I- d (\)) = dX s ® dX + p _ s . 

As one can see from the above table the indecomposable structure of A (W P ) 
is much simpler than that of Wp-mod as only the images of P s + are non-semi- 
simple. 

The detailed Wp-module structure of Xf and is crucial to calcula- 
tions. We have the following results. 

Proposition 29. As complex vector spaces the Ao quotients of simple W p 
modules satisfy 
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1. For 1 < s < p, dim^4 (^^) — 1 an d the space is spanned by the 
equivalence class represented by u s and therefore has conformal weight 

2. For 1 < s < p, we fix the zero mode subspace (X+)° to be spanned by 
the highest weight vector u s . 

3. For 1 < s < p, dim Aq (X~ ) = 2 and the space is spanned by the 
equivalence classes represented by the two highest weight vectors v £ s , e = 
± and therefore has conformal weight h~ . 

4- For 1 < s < p, we fix the zero mode subspace (X~)° to be spanned by 
the two highest weight vectors v £ , e — ±. 

Proposition 30. The the two copies of £h 2 .i ^ n the simple module X-f each 
contain a null vector at level 2 

(L 2 1 -pL_ 2 )< = /i = ± (3.17) 

and a well defined choice for the special subspace (Xf) s is given by 

m s = 00 c ^i<- (3.i8) 

3=0 M=± 

Proposition 31. The Virasoro submodule £^ 12 of the simple module X% 
contains a null vector at level 2 

(L 2 _ 1 - \L_ 2 )u 2 = (3.19) 

and a well defined choice for the special subspace (X^) 5 is given by 

i 

W) s = <CLi lU2 © CWl 2p+2 u 2 . (3.20) 

j=0 e=0,± 

3.2 The free field realisation of W p 

One can explicitly construct W p as a subVOA of a free field VOA V L on a lat- 
tice by the method of screening operators. The free field VOA is constructed 
by means of the Heisenberg algebra 

a=Cl©0Ca„ (3.21) 



28 



as well as an operator a, satisfying the commutation relations 

[a m , a] = 5 mfi [a m , a n ] = m8 m - n . (3.22) 

The Heisenberg algebra acts on Fock spaces T x generated by a state |A), AG 
C 

Om|A) = A5 mj o|A) m > . (3.23) 

For the free field VOA V L we restrict the charges A of T x to a rescaled A 1 
root lattice L and its dual L v 

QJ 

L = Za + L v = Z-=- , (3.24) 

where a + = ^J2p and a_ = —\J\- The theory contains a single free bosonic 
field 



ip(z) = a + a log z + y^—z- n (3.25) 

—n 



that satisfies the OPE 

ip(z)(p(w) ~ log (2 — w) . (3.26) 
The energy momentum tensor is given by 

T(z) = \ : (dtp(z)) 2 : +^±^d V {z) , (3.27) 

where : : indicates normal ordering, i.e. arranging the Heisenberg operators 
in ascending order from left to right according to their index with a on the 

very left. Calculating the OPE of T with itself, one reproduces the the central 
charge 

c p = 1 - 6 (3.28) 

of W p . The primary fields are given by 

V^z) =: e^W : , (3.29) 
where \x G V and the weight of V^z) is 

hp = ^/i(/i - (a+ + a-)) . (3.30) 
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The OPE of two primary fields is given by 

V^z)V v (w) = (z- w y v : Vp(z)V v (w) : . (3.31) 

The VOA V L contains the fields 1, T(z) and V^z) for fi G L but not 
V v {z) for v G L v \ L. The representation category V^-mod is semi-simple 
with 2p simple modules V[x\, [A] G V JL. For later calculations it will prove 
useful to parametrise the the classes [A] G L v / L by 



[r, s] =: [a r , 3 ] 

where 



1 — r 1 — s 
— o — a + "I o — a - 



r.sGZ, (3.32) 



[r + l,s + p] = [r,s]. (3.33) 
The Vl modules decompose into infinite sums of Fock spaces 

^,.] = 0^'- ( 3 - 34 ) 



The V^-theory contains two weight 1 primary fields that can be used as 
screening operators 

Q + (z) = V a+ (z) Q4z) = V a _(z). (3.35) 

The W p VOA is realised by screening with Q_ (z) 

W p = ker (J>teQ_{z) : V[i,i] ->• V[i,_i]^ . (3.36) 

As Wp-modules the simple V^-modules V[i, p ] and V[2, p ] are isomorphic 
to and Xp" respectively. The remaining 2p — 2 simple Vj, modules are 
reducible as W p modules and form Felder complexes 

a)(p-s) 

. u„ , , v , _Zl „ Vu i * • • • (3.37) 



where is the zero mode of a rather complicated a-fold product of Q-(z) 
whose details need not concern us here. The simple W p modules for 
1 < s < p — 1 are equivalent to the kernels and images of 

Xf = ker (q^ : V [M] V [2 , p _ s] ) = im (q^ s) : V [2 , p _ s] V[l, s]) (3.38) 
X p -_ s = ker (QL p - s) : V [2 , p _ s] V M ) = im (q W : V [M] V[2,p - s]) . 
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Proposition 32. The screening operator maps induce surjective W p - 
module maps 

V [M X~_ s V [2jS] X p + a (3.39) 

/or 1 < s < p — 1 as well as injective W p -module maps 

X: -> V [ljS] X s - -> V [2 , s] (3.40) 

^ s »-> |ai, a ) v~ i ^ |a 2 , s ) , 

/or 1 < s < p. 

3.3 The fusion product 

We recall some well known facts about the V^-mod fusion product that will 
be relevant to our calculations below. The tuple (V^— mod, £g>y L , V[i,i]) defines 
a braided monoidal category, i.e. there is a well defined fusion product of 
V^-modules 

Mai.ri] ®V L V[ S2 ,r 2 ] = V[ Sl+S2 _i iri+r2 _i] . (3-41) 

The free field VOA V L contains another subVOA {JF ai >\ \0),T,Y) other 
than Wp called the Heisenberg VOA0 The current algebra U{J- ai > x ) is given 
by the universal enveloping algebra U(a) of the Heisenberg algebra, while the 
simple objects of J 701 * 1 are given by J 7 "'* 8 

Proposition 33. For (ri,Si), (r 2 , s 2 ) G <Z 2 fusion product in J rai ' 1 -mod 
is given by 

l a n,«i) ® l a r 2 ,s 2 ) ^ |ari+r- 2 -l,s 1 +s 2 -l) 

and the following diagram commutes 

J^i.n^^ojiJ^,^ ► ja n +r 2 -l, sl + S2 -i (3.43) 

I 

V[fi, si](8)v^V [r2)S2 ] V[ ri+r . 2 _i, Sl+S2 _i] 

where the vertical arrows are injective J 7 " 1 - 1 -module maps and the horizontal 
arrows are a J 7 " 1 ' 1 and a V ^-isomorphism respectively. 

4 This is the only appearance of a non-C2-cofintie VOA in this paper. 
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4 Computing some fusion products in W p - 
mod 

We now apply the apply the methods explained above to analyse the monoidal 
structure of W p -mod. 

4.1 The fusion rules and rigidity of Xj~ 

In this section we analyse the fusion products of Xf with simple modules 
and prove the rigidity of Xf . 

Theorem 34. The fusion product of X-f with itself is 

X-<8)X- = X+ . (4.1) 
Also X-f is rigid and its dual is just Xf itself. 
Sketch of the proof. We prove the the theorem in three steps. 

1. We prove that there exists a surjection of A (Wp) modules 

A)(x+) -> A(xr®xr) . (4.2) 

2. We prove that dim^Xf <8>X 1 ")[1] = 0. 

3. We prove the existence of a non-trivial W p -module map 

Xf ®Xf ->• V [2|P _i] • (4.3) 

Step 1 implies that Xf <gXf is a (possibly trivial) highest weight module 
generated by a state of conformal weight 0. Since h~ x = 1 step 2 excludes 
the possibility of X~_ 1 being a submodule of XffgXf . Step 3 implies that 
XfCgXf is non-trivial and since the only non-trivial submodule of V[2, p -i], 
generated by a state of conformal weight is X^~, it follows that X-fCgX^ = 

The rigidity of X l follows by choosing 

id x + = e x - : Xf®Xr -> X+ (4.4) 

and the fact that therefore all the maps appearing in definition [T7] are iso- 
morphisms. □ 
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Proof of step 1. As in proposition I3"U1 we choose 

j=0 e=± 

and as in proposition [2H] we choose 

X f = Cvf . (4.6) 

Using the formulae 02.951) as well as the null vector in proposition [SU] we 
can compute the action of L on the classes represented by the elements of 

(xrr ® (*r)°- 

[up ® up] ^ 2/if [up ® up] + [£-iUp ® up] (4.7) 
[L-iUp <8> up] ^ (2hi + l)[up <8> up] + \L\v\ 1 g up] 

= pKlvf 1 g up] + (2/i7 + 1 - p)[i_i« 61 g up] . 

Thus for each pair £i,£2 we can represent Lo by 

on the basis iT^up gup, j = 0, 1. The eigenvalues of this matrix are /i^ = 
and 2p — 1 . 

Next we will determine a lower bound on the dimension of the kernel of 
the surjection 

(xrr ® (at) -> AWgxr) . (4.9) 

Because Ao(VV p )-mod does not contain any module with eigenvalue 2p — 1 
eigenvectors, the eigenvectors 

^i 1 ® + L -^ v i ® v i 2 > ( 4 - 10 ) 

corresponding to the eigenvalue 2p — 1, must lie in the kernel of the surjection 
flU). 

From formula (13. lip illustrating the action of W^-field modes on Xf we 
know 

L_ x v{ = C £ ■ W £ _ x v{ e e = ± (4.11) 
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for some constant C . This implies that L-ivf £g> v f , e — ± lies in the kernel 
of (I4.9p . because 



[L_ lT ,« <g> «*] = C e • [Wf it;r e ® v{] (4.12) 

= c e • E ( 2p 7 3 ) (-!) J [«r" ® ^-(2 P - 2 )^] = o . 

i=o 

Finally 

® v] = c £ ■ £ ® % e ] ( 4 - 13 ) 



2p - 3 >-3 



3=0 



for some constants A e and _B £ , since by the action of the modes (13. lip 
Wj_, 2p _2\Vi S G £| 21 - This implies that some non-trivial linear combination 
of [L-iV{ eg) Vi] and [L_it>f <8> ] lies in the kernel of (14. 9p . Therefore the 
kernel of (14. 9 j) is at least 7 dimensional and ^(X-fCgiVf) i s a ^ m ost one 
dimensional. If .Ao(Xf ®Xf ) is indeed non-trivial, then the eigenvalue of L 
is 0. □ 

Proof of step 2. We know that the image of the action of the H^-field modes 
W^ k on the highest weight vectors v\ lies in the Virasoro submodules gen- 
erated by Vy and for k < 3p — 1. Therefore a spanning set of rep- 
resentatives for Ai(Xi®Xi) can be chosen from Virasoro descendants of 
v 6 ^ ®v\ 2 , S\ = ±,£2 = ±. Also since the relations (I2.95P for Virasoro modes 
still hold for n > 2, we can restrict the spanning set of representatives for 
./^(XfCgiXf) to L_!-descendants of vf 1 <g> f^ 2 . Finally because of the null 
vector (13.171) at level 2 of Xf we have the following surjection of complex 
vector spaces 

1 

C[L>f <g) Liji;^ ] -> A(Vr®Xr) . (4.14) 

j=0 El=± 

3=0 £2 =± 

Because the image of the canonical Lie algebra homomorphism 

B(W P )^U(W P ) (4.15) 

is dense, we know that the image of L?_ x lies in 02(W p )(Xf <g)Xf ) and that 
L?_ x therefore acts trivially on ^i(XfCg)Xf) even if L_i does not. This 
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implies the relation 

(ji,o([T ® 1 ■ chr 1 ])) 2 ^ 1 <g> up] (4.16) 
= [L-iup ® uP] + 2[L_ 1 ^ 1 <8> L_xup] + [up <g) L_iup] = 

We therefore take [v P <S> up], [L_iUp ® up] and [up ® L_iUp] as a spanning 
set for ./^(Xf^Xf 1 ) and compute the action of Lq 

[up <8> uf a ] H- Qp - 1^ [up <g> up] + \L-\vl 1 ® up] (4.17) 
[L_iup g> up] m- Qp - 1^ |[up <g> up] + ^p[L_iUp <g> up] + p[up ® L^up] 

[up <g> L_ x up] ^ - Up - fbi 1 ® *>i 2 ] + | [^-i^i 1 ® ^i 2 ] + pK 1 ® ^-i^i 2 ] • 
As a matrix L is represented by 



(|P-1) (lP-l)f -(iP-1) 



1 fp II (4-18) 

Op p 

on the basis up <8> up, L_iup eg) up and up <g) L_iUp and the eigenvalues of 
this matrix are 0, 2p — 1 and 2p, none of which are = 1. □ 

Proof of step 3. According to proposition [32] there exists an injective W p - 
module map 

Ap -> V [2il] (4.19) 

^ l«2,i) • 

By this map and proposition [24] there exits a non-trivial W p -module map 

Ap® Wp Af -> V [2 ,i]®y L V [2 ,i] (4.20) 
u^ <g> uf I-)- |a 2 ,i) <g> |a 2 ,i) . 

By proposition [33] there exits a V^-module isomorphism 

V % i]®v L V%i] V [3 ,i] = V[i,i] (4.21) 
|a2,i) ® |a 2 ,i) |a 3) i) . 

By concatenating these two maps we have constructed a non-trivial Wp- 
module map 

Ap® Wp Ap ->■ V[i,i] • (4.22) 

□ 
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Theorem 35. The fusion rules of X 1 with simple modules is given by 

X±®X E S =X; £ l<s<p,e = ±. (4.23) 
Sketch of proof. We prove the theorem in two steps 

1. Let M be a simple module, then Xfcg)M is also simple. 

2. We prove the existence of a non-trivial Wp-module map 

Xf<g)X+ -> V [2jS] . (4.24) 

The simplicity of X^<S>X^ implied by step 1 and the non-triviality of the 
map in step 2 implies that X-f®X,t is a simple submodule of V[2,s]- Therefore 
Xf <S)X+ = X~. The theorem then follows by XftgXf =Xf. □ 

Proof of step 1. Proof by contradiction. Assume XfCgiM is not simple, then 
there exists an exact sequence 

-»■ A -»■ Xf®M ^5^0, (4.25) 

for some non-trivial W p modules A and 5. Because X{~ is rigid, the sequence 

X^®A -»■ M -»■ Xf <8)£ -»■ , (4.26) 

must also be exact which is in contradiction to M being simple. □ 

Proof of step 2. According to proposition [321 there exist injective Hp-module 
maps 

X- -> V [2) i] (4.27) 



and for 1 < s < p 



X+ -> V [ljS] (4.28) 



By the above injective Wp-module maps and proposition [2H there exits a 
non-trivial Wp-module map 

Xi® Wp X+ ->■ V[2,i]®vbV[i, a ] (4.29) 

<£> U s H-> |a 2 ,l) ® 1 0£x, B ) • 
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By proposition [32] there exits a V^-module isomorphism 



V^ljgV^V^] "4- V[ 2 ,s] 
|«2,l) ® I«m) >-> I "2,5) • 



(4.30) 



By concatenating these two maps we have constructed a non-trivial W p - 
module map 



4.2 The fusion rules and rigidity of 

In this section we analyse the fusion products of with simple modules 
and prove the rigidity of X£ . 

Theorem 36. The W p module X£ is rigid and he fusion rules of X% with 
simple modules is given by 



X l ® Wp X+ -> V[ 2 ,s] ■ 



(4.31) 



□ 




(4.32) 



Sketch of proof. We prove the theorem in a number of steps 



1. We prove the existence of surjections of Aq modules 




2. We prove the existence of non-trivial W p -module maps 



x+®x; -> v [2 , i+ i] , 



(4.33) 



for 1 < s < p — 1 . 



3. We prove the existence of non-trivial W p -module maps 



Xt®V[i, P -s\ -> x t 



S-1 7 



(4.34) 



for 2 < s < p — 1 . 
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4. We prove the existence of a surjective W p -module map 

x+®x; -> x;_ x . (4.35) 



5. We use the formalism outlined in section 12.41 to prove the rigidity of 
X+. 

Steps 1 through 3 prove 

Step 5 implies that X 2 ®X~ is injective, since the product of a rigid and a 
projective module is again projective. The only projective module compatible 
with steps 1 and 4 is P p _i, therefore 

Xt®X; = P p _, . (4.37) 

Finally the fusion products of the theorem follow by multiplying with Xf 
and the associativity of the fusion product. □ 

Proof of step 1. We choose the special subspace of X 2 to be given by 

i 

{X+y = CV_ lU2 © CWi 2p+2 u 2 , (4.38) 

j=0 E=0,± 

as in proposition EH and we chose the zero mode subspace of X~ to be given 
by 

ro O = 0C<, (4.39) 

e=± 

as in proposition 1291 By proposition 1231 there is a canonical surjection 

(X+) s <8> (Xf)° Mxt®K) • (4-40) 
We first show that the spanning set 

span{[Li lM2 g> v% [W» 2p+2 u 2 <g> <], j = 0, 1, e = ±, n = ±, 0} (4.41) 
is redundant. Consider 

[W^ p+2 u 2 ® tfl = - [«a ® ^ 2p+ 2<] . (4.42) 
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Because the highest weight of the Virasoro representations Cj li s in the de- 
composition (13. 7p of X~ into Virasoro representation is 3p — 1 higher than 
the highest weight of U(C)v £ s , W^ 2p+2 v £ s must lie in U(C)v £ s . Therefore 

\W-2 P +2 U 2 ® v s\ depends linearly on [L J _ 1 U2 <8> ff], j = 0,1, 5 = ±. 

We therefore have a 4 dimensional spanning set for Ao(X 2 (&X~) on which 
we can compute the action of L . 

[U2 ® vf] i y {h+ + ht) [U2 <8> vf] + [L_iu 2 g> v±] (4.43) 
h + 1 

[£-l«2 g> uf ] !-)> — [li 2 ® ] + (/it + /i+ + 1 - -)[L_lU 2 ® ^] • 

We can therefore represent L by the matrix 

ht + K 




on the basis l?_ x Ui ® v £ , j = 0,1, £ = ±. For 2 < s < p — 1 the eigenvalues 
of this matrix are and hj +1 and for s = p the eigenvalues of the above 
matrix are h~_ x and /t+. □ 

Proof of step 2. According to proposition I3"2l there exist injective Wp-module 
maps 

X+ -+ V M (4.44) 
u 2 |ai )S ) . 

and for 1 < s < p 

K -> V M (4.45) 

By these maps and proposition |24] there exits a non-trivial Wp-module map 

X+®vv p X7 -)• V[i, 2 ]®v L Vp,»] (4.46) 
m 2 <g> t>7 i-> |a lj2 ) <S> |a 2)S ) . 

By proposition [33] there exits a V^-module isomorphism 

V[i, 2 ]®v £ V [2l ,] ->■ V [2)S+1] (4.47) 
1 0:1,2) ® |o 2)S ) H> |o 2 , s+ i) . 

By concatenating these two maps we have constructed a non-trivial Wp- 
module map 

X+<S) Wp X- V [2)S+1] . (4.48) 

□ 
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Proof of step 3. Before we begin with the proof we note that the proof of 
step one implies the existence of a surjective Wp-module map 

K-i © K+i -> x^x; (4.49) 

for 1 < s < p, i.e. the results for Ao(X2~(&)X~) allow for no modules larger 
than X~_ 1 or X~ +1 . Therefore because X{" is rigid and the functor Xf eg)— is 
exact, there exits a surjective Wp-module map 

X+_ x © X+ l X+®X+ . (4.50) 

According to proposition I3"2l there exists an injective Wp-module map 

X+ -> V [2jS] (4.51) 
m 2 |a iiS ) . 

By this map and proposition [2H there exits a non-trivial Wp-module map 

X 2 + (8> Wp V[i, p -_ s ] -» V[i^]®Vr,V[ij,-( 8 _i)] (4.52) 
U2 <S) |a_i )P _ s ) |ai )2 ) ® |a-i, P - s ) • 

By proposition [32] there exits a V^-module isomorphism 

V[i,2]®vbV[i^ s ] -»- V[i )P _( s _i)] (4.53) 
|ai )2 ) <8> |a_i, p _ s ) h-> |a_i )P _( a _i)) . 

By concatenating these two maps we have constructed a non-trivial Wp- 
module map 

<p : X^ ®w p V[i,p_ s ] -> V[i lP -( s -i)] . (4.54) 

Also according to proposition 1321 there exists a surjective Wp-module map 

7T : V[i,p- (s -i)] ->• X s - x (4.55) 
|a-i,p-(s-i)) >->■ • 

The composition tt o is therefore a non-trivial W p -module map 

7i o ^ : X 2 + ®V [liP _ s] -> X7_! . (4.56) 

By the surjection (14.501) X 2 (g)X p 4 l s must lie in the kernel of tt o (p. Therefore 
there exists a non-trivial Wp-module map 

X- ! . (4.57) 

□ 
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Proof of step 4- According to proposition I3"21 there exists an injective W p - 
module map 

X+ -> V[i j2] (4.58) 

and a W p - module isomorphism X~ — > V[2 )P ]- By the above maps and propo- 
sition [2H there exits a non-trivial Wp-module map 

Xt®w P V[2, P ] -)• V[i, 2] ®viV [2 , p ] (4.59) 
m 2 ® |«o, P ) >->■ |"i,2) ® |a 0lP ) • 

By proposition [33] there exits a V^-module isomorphism 

V[i,2]®viV [2 ,p] -> V[2, p+ i] = V[i,i] (4.60) 
1 0:1,2) <8> \a 0>p ) h-> |«o, P +i) = • 

By concatenating these two maps we have constructed a non-trivial W p - 
module map 

X+Qv^X; -> V[i,i] . (4.61) 
Also according to proposition [321 there exists a surjective Wp-module map 

V[i,i] X-_, (4.62) 
|o-i,i) ^ • 
Therefore there exists a non-trivial Wp-module map 

X+® Wp X; -> X-^ . (4.63) 

□ 

Proof of step 5. In order to prove the rigidity of X^, we need to consider 
three fold products of X^ , which at this stage we can only compute for 
p > 4. We will therefore explain in detail how the proof of rigidity can be 
reduced to analysing formal solutions of hypergeometric equations for p > 4. 
The advantage of this analysis is that it does not require us to explicitly 
know the three fold fusion product of X% and we can therefore also apply it 
to p = 2, 3 once we have discussed p > 4. 

Until explicitly stated otherwise we will therefore assume that p > 4. 
Then we have proven that 

X+®(X+®X 2 + ) = (X 2 + ®X+)®X 2 + = 2 ■ X+ © X+ . (4.64) 



41 



The rigidity of X 2 and self duality X 2 W = X 2 requires the existence of 
Wp-module maps % : — > X%®X% and e : X£®X^ — > Xf , such that 



/ 



X+®(X+®X+) 



(4.65) 



a Y+ Y+ Y+ 
A 2 i A 2 ' A 2 



e(g)id 



and 



x+ = x+®x+ 

9 

x+ = x+®x+ 



i®\& 



(X+®X+)®X 2 H 



(X+®X 2 + )®X+ 



(4.66) 



^2 '-^2 '-^2 



x+®{xt®x+) 



commute, where / = /i ■ id x + , g — v ■ id x + for two non zero constants ji and 
v. We show that /i^O, the case of v is similar so we omit the proof. 

We fix highest weight vectors u s of for s = 1,2, 3, such that JT+[/i+] = 
Cu s and «i = Q as in previous calculations. By the fusion products we have 
computed so far we know that the spaces of vertex operators 



X 



L 2 



x+ 



x 2 ,x 2 



(4.67) 



are all one dimensional for s = 1,3. We therefore fix non-trivial vertex 
operators 



2* s 



x; 



xl 



Me 



X; 



K x 2 \xfj' s2 ^\xf,xt)' 2 2 \x 2 • 

These vertex operators can be formally expanded as 



(4.68) 



(4.69) 



for appropriate choices of a, b and c, where 
b K,n G Hom c (X a + [/ ia + + fc] ® + 4 X+[/i c + + fc + € - n]) . (4.70) 



fe,£>0 
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This allows us to define four power series 

, Z 3 , Z 2 , Z\ ) = (n | (u 2 ; z 4 ) 2 # 2 (u 2 ; 2 3 ) s V 2 2 (u 2 ; z 2 ) 2 ^\{u 2 - Zl )n) 

(4-71) 

$f (Z 4 , 3 3 , 22, *l) = (fi|i*2(«2l ^^(^(^ ^2 ~ ^ 3 )«2| * 3 ) 2 *?(«2; ^l)«> , 



for s = 1,3. The power series and $r converge absolutely on the 
domains 



£/ (1) = {(z 4 , z 3 , z 2 , zi) e (C*) 4 I \z 4 \ > \z 3 \ > \z 2 \ > \zi\ > 0} , 
U {2) = {(z 4 , z 3 , z 2 , Zi) e (C*) 4 | \z 4 \ > \z 3 \ >\z 1 \> 0,\z 3 \ > \z 2 

respectively and satisfy the partial differential equations 
1. for n — — 1, 0, 1 



(4.72) 
z 3 \ >0}, 



E z n a + (n + l)h+) $ = , (4.73) 



2. for a = 1,2,3,4 



<9^ 



V 



it 



1 



(z b -z a ) 2 z b -z a dz b 



\ 



I 



$ = 0. 



(4.74) 



The solution space of these two sets of differential equations is two di- 
mensional and the solutions define multivalued holomorphic functions on 
(P) 4 \ diagonals. Therefore and $i 2 ^ define bases of the solution space 
of the above differential equations on the two domains and and it 
is possible to analytically continue $^ to and vice versa. For a given 
path 7 from to U^ 2 \ $^ can be written as a linear combination of 



and $ 3 2 ^- This defines a connection matrix 



(i) 



(i) 




(4.75) 



Going along the path 7 in the opposite direction one can express § 2 as a 



linear combination of $^ and $3^ with the inverse of the connection matrix 
above 



(2) 



(2) 



a 6 
c d 



$1 



(i) 



(i) 



(4.76) 
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The constant fi, in / = /i-id x + of diagram ( j4,65]L being non-zero is equivalent 

to $i having non- vanishing contributions from $[ 2 \ i.e. a being non-zero. 
Similarly v is non- vanishing if $1 has non-trivial contributions from $J , 
which is the case when d is non-zero. 

The first set of differential equations (14.731) guarantees the covariance of 
^f 1 with respect to Mobius transformations. Since Mobius transformations 
act transitively on triples of pair wise distinct elements of P, we can fix three 
of the arguments of ^f 1 to uniquely determine 

$W= j | ( Zi -Zjf&x^il -x)^H^ a \x) (4.77) 

l<i<j<4 

up to a function Hs^ (x) of the Mobius invariant cross ratio 

X= Z A^± Z _±^1. (4.78) 

%A — z 2 Z\ — Z3 

See [33J for a wealth of examples regarding such computations. The functions 
H { s\x) and HP (x) are absolutely convergent on 1 > \x\ > and 1 > 
|1 — x\ > respectively. The second set of differential equations (I4.74p arise 
from the fact that the vertex operators above vanish upon inserting the null 
vector 

{L\ - \L_ 2 )u 2 . (4.79) 

The prefactors of Hg(x) in equation (14.771) have been chosen such that 
the differential equation for Hg a \x) induce by (14.731) is particularly simple. 
Namely the well known hypergeometric equations 

x(l - x)^Hi a \x) + |(1 - 2z)±H!T>(x) - 3 -^Hi a \x) = . (4.80) 

For a detailed list of solutions and all formulae we will be using see [37] . For 
$s which converges on U^ l \ H^\x) is a power series in x, while for $i 2 ' ) 
which converges on (x) is a power series in 1 — x 

Hl 1 \x)= 2 F 1 (^ 3 -^;l;x) } (4.81) 

Hi 1 \x)=x E ^ 2 F 1 (^,i;^;x), 

h?\x) = ^{y-^-i-i - x) , 

Hf\x) = (1 - xfT.F, (I ^i; 2t2; 1 - x) . 
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To prove that $S 1} has non- vanishing contributions from $^ we continue 
(x) along the path from to 1 on the real line. The well known connection 
formula for hypergeometric functions then yields 

H?\x) = -J—H?\x) + 3 ~ P * { P* H?\x) , (4.82) 

2cos^ 1 v ' 2- P r(i)r(^) 3 v ; ' v ; 

u( 2 )f \ 1 uO)/ \ , 3-p r (|) 2 (i), v 
Hi (x) = Hi (x) H , 1s ,„ s Hi (x) . 

2cos ^ 2 -P r (^) r (f) 

And thus the rigidity of for p > 4 follows. 

For p = 2, 3 the analysis is exactly the same. Specifying the domains 
and codomains of the vertex operators is just a bit trickier. The resulting 
differential equations are analogous however. For p = 3 we have shown so 
far that 

X+®X+®X+ = X+ © (X+®X+) (4.83) 

and that there exits a surjective W3-module map 

X+©X 3 + -» X+ . (4.84) 

Therefore the right exactness of the fusion product implies the existence of 
a surjective W3-module map 

X 2 + ©(X+©X 3 + ) X+ © X+ . (4.85) 

The analysis above can therefore be repeated for p = 3 without any mod- 
ifications. We consider the differential equations (14.731) and f)4.74p . Which 
can again be simplified to the hypergeometric equation (14.801) . Analysing the 
connection formulae for p = 3 yields 

H?{x) = Hf\x), (4.86) 

thus proving the rigidity of X£ for p = 3. 

For p = 2 the space of solutions for the hypergeometric equation 

x{\ - x)-f^Hi a \x) + (1 - 2x)^-Hi a \x) - lHi a \x) = (4.87) 

is slightly more complicated than in the previous examples, because the poles 
encountered at x = and x = 1 are logarithmic. This implies that vertex 
operators involved also contain logarithms. We will omit the details however 
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since they are not important for solving the above differential equation. The 
solutions Hs^ are given by 
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ilog(l - x) + G(l - x) , 





where G(x) is a power series with vanishing constant term that converges for 
f > \x\. The connection formulae for p = 2 yield 

H ^ = l ^Hf\x)--Hf\x), (4.89) 

7T 7T 

thus proving the rigidity of X^~ for p = 2. □ 



5 The rigidity of (W p -mod, (§)) 

In the previous sections we proved that Xf and X^ 1 " are rigid self dual objects 
in Wp-mod. In this section we will exploit this fact to compute the fusion 
product of Xf and X% with the projective modules P s e , 1 < s < p, s = ±, 
allowing us to prove the rigidity of W p -mod and ultimately compute the 
fusion product on the set of all simple and all projective modules. 



5.1 Fusion products between X x and X£ and projec- 
tive modules 

At first we prepare some more notation. For any object in W p -mod we 
denote by [Z : X|] the multiplicity of Xf in quotients M i+1 (Z) / M^Z) of the 
Jordan-Holder series (I2.30p of Z Then we have 

[Z : Xf] = dime Hom(P s e , Z) . (5.1) 

We have established that 

r xi, 8 = i 

X+®X e s = l XU®Xl +l , 2<s<p-l (5.2) 

xr®x| = x: e , i<s< P . 
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and that X l and X£ are self dual rigid objects. From the Jordan-Holder 
series of the projective modules we also know that 

[P e s : Xf] = 25 {St£)M + 25 (S)£))(p _ t ,_ CT) , 1 < s < p (5.3) 

\ P p '■ X t \ = S (p,e),(t,a) ■ 

So we have the following proposition. 

Proposition 37. The fusion rules of X^ and X-f with projective modules 
are given by 

f P 2 "©2-P/, 8 = 1 
X+®P^ = I Pf_ x © P? +1 , 1< s < p - 1 (5.4) 

( p;_ 2 ©2-p;, s = p-i 

Xf(8)P^ = p-» , l<s<p. 

Proof. Because X-f and X^ are rigid, their product with P/ is projective. 
The most general ansatz for such a product is therefore 

p 

X®P/ = 00X m , M -P£, (5.5) 

m=l /i=± 

where X is either Xf or X^ and X m /i e Z is the multiplicity of P^ in X<E>P/. 
We can determine X m)jU by recalling that a rigid object X and two arbitrary 
objects A and B satisfy the relation 

Hom(A, X®B) = Hom(X*<g>A, B) . (5.6) 

Setting A to P/ and C to X^ and calculating the dimensions of the spaces 
of Wp-module maps in the equation above, we are lead to 

X m , M = dimHom(P 4 CT ,X®X£) = [X®X£ : Xf] . (5.7) 

We can easily calculate the multiplicities [X®X^ : Xf] for X = Xf, X^ 
by considering the fusion products [35] and | 



[Xf®X£ : X 5 t ] = 5 {t , 5U m,-») (5.8) 

0~{t-l,8),(m,n) + ^(t+l,<5),(m,/x) 2 < t < p - 2 
^(p-2,5),(m,/u) + 25( Pi< 5) i ( miM ) £ = p — 1 
<5(p~l,<5),(m,|u) t = p 

The proposition then follows directly by plugging in the multiplicities. □ 
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5.2 Proving rigidity 



We apply point 4 of proposition [19] to Wp-mod. Since all simple and all 
projective Wp-modules appear in the fusion products of Xf and X% the 
following proposition follows. 

Proposition 38. For 1 < s < p, e — ± the simple modules X e s and the 
projective modules P s £ are self-dual rigid objects in W p -mod. 

In Wp-mod all indecomposable objects M except the simple objects and 
the projective objects satisfy exact sequences 

— > L — vM — > N — >0 (5.9) 

such that L and M are direct sums of simple objects. So finally we obtain 
the rigidity of Wp-mod by applying point 5 of proposition [T9l 

Theorem 39. The weakly rigid monoidal category (W p , Cg^Xj 4- ) is rigid. For 
any object M in W p -mod the dual M y is given by the contragredient M* , i.e. 
M V = M*. 



5.3 The ring structure of P(W P ) and K(W p ) 

We see in theorems ESI and [33 that the fusion products of and with 
simple modules are direct sums of simple and projective modules. Because 
all simple modules appear as direct summands of products of Xf and X^, 
the product of any two simple modules must also be a product of simple and 
projective modules. Therefore because all the simple modules are rigid, the 
fusion product closes on the set of all simple and all projective modules. In 
this section we will compute the fusion product on this set. 

We introduce the free abelian group P(W P ) of rank 4p — 2 generated by 
all projective and all simple modules 

nw P ) = 00 nxt\ P © m]p (5.10) 

s=l e=± s=l e=± 

and the rank 2p Grothendieck groupd 

W = ©©» (5.11) 

s=l s=± 

5 The Grothendieck group K{C) can be defined for any ablian category C. It is given 
by free abelian group generated by all objects of C modulo the subgroup generated by all 
formal differences M — L — N where L, M, N satisfy an exact sequence — > L — > M — > 
N — > 0. If the number of simple objects in the abelian category C is finite, then K(C) is 
just the finite rank free abelian group generated by all simple objects. 
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By the rigidity of W p -mod and and the closure of the fusion product on 
simple and projective modules 

1. P(Wp) and K(W P ) have the structure of commutative rings. 

2. The canonical projection n : P(W P ) — > K(W P ) is a ring homomor- 
phism. 

By the above arguments the two operators 

X = Xf®- y = Xf<8>-, (5.12) 

define Z-linear endomorphisms of P(W P ) and K(W P ). Because the fusion 
product is commutative, the two operators X and Y must also commute. 
Thus by the two operators X and Y the polynomial ring Z[X, Y] acts on 
P(W P ) and K(W P ), i.e. P(W P ) and K(W P ) are modules over Z[X,Y] and 
the canonical projection tt is a Z[X, y]-module map. 

Before we begin analysing the action of Z[X, Y\ on P{W p ) we recall some 
elementary facts about Chebyshev polynomials that will prove helpful. 

Definition 40. We define elements U n (X), n = 0, 1, . . . in Z[X] recursively 

U (x) = l, U x {x)=x, (5.13) 
U n +i(x) = xU n (x) - U n -i(x) , 

Remark 41. 1. The coefficient of the leading order of U n (X) is 1, i.e. 

U n (X) = X n + • • • G Z[X], m = 0, 1, 2, . . . (5.14) 

so we have 

oo 

Z[X] =0ZC/ n pT). (5.15) 

n=0 

^. T/ie initial conditions and recursion relations of the polynomials U n (X) 
are those of the Chebyshev polynomials of the second kind, though with 
a non-standard choice of normalisation. 

We define the Z[X, F]-module maps 

if) : Z[X, Y] — >■ -P(Wp) (5.16) 

/(x,y)^/(x,y).[x+] P 

V9:Z[X,F]^^(W P ) 

f(X,Y)^ f\X,Y)-[X+] K 
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Theorem 42. The maps if) and <p are surjective homomorphisms of commu- 
tative rings and the kernels are given by the ideals 

ker ^, = (y 2 _ i )f/2p _ l(X ) - 2YU p _ 1 (X)) (5.17) 
ker^ = (Y 2 - 1, U P {X) - U P „ 2 {X) - 2Y) . 

Proof. Consider the fusion products 

= X+ (5.18) 

= x+_, © X+. 1 , 

for 1 < s < p. Formally this looks exactly like the recursion relations and 
initial conditions ( 15.13)) if one were to substitute X^ with X and X^ with 
U s -x(X). We can therefore write the generators of P(W P ) and K(W P ) cor- 
responding to the simple modules X+, 1 < s < p as 

[Xt\ P = U S ^(X)[X+] P , [X+U = U S ^(X)[X+] K . (5.19) 

Since the remaining simple modules X~ can be written as X-f ©X+ their 
corresponding generators in P(W P ) and K{W P ) can be written as 

[X-]p = YU S ^(X)[X+] P , [X;] K = YU s ^(X)[Xf] K . (5.20) 

Thus as a module over Z,[X,Y], K(W P ) is generated by [X^Jx and tp is 
therefore a surjective Z[X, Y]-homomorphism. 
Next we consider the fusion products 

X 2 ®X; = P+_, (5.21) 
X+©P S + = P+ 1 © P+ +1 , 

for 1 < s < p. These imply that the generators of P(W P ) corresponding to 
the projective modules P s + , 1 < s < p can be written as 

[P?]p = (U 2p ^ s (X) + U S ^(X))[X+] P . (5.22) 

Since the remaining projective modules P~ can be written as Xf©P s + their 
corresponding generators in P(W P ) can be written as 

[P-] P = Y{U 2p ^ s {X) + U S ^(X))[X+] P . (5.23) 

Thus as a module over Z[X, Y], P(W P ) is generated by [Xj^p and if) is 
therefore a surjective Z[X, Y]-homomorphism. 
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We verify that the two ideals 

I=(Y 2 - 1, EViPO - 2YTVi PO) (5-24) 
J = <F 2 - 1, f/ p (X) - U P . 2 (X) - 2Y) . 

are indeed the kernels of ip and if by showing that / and J lie in the kernels 
and that the ranks of %(X,Y)/I and Z(X, Y)/J are equal to the ranks of 
P(W P ) and K(W P ). From the fusion product Xf (giXf = X : + it follows that 

(F 2 - 1)[X+] P = (F 2 - 1)[X+] X = 0. (5.25) 

The left and right hand sides of X 2 I "®X+ = P p _i are given by the left and 
right hand sides of 

XU P ^(X)[X+] K = 2(E/ P _ 1 (X) + (5.26) 

respectively in K(W P ). By the recursion relations for Chebyshev polynomials 
it therefore follows that 

(U P (X) - C/ p _ 2 (X) - 2Y)[X+] K = (5.27) 

Lastly by the left and right hand sides of the product X^®Pi = P 2 + © 2X~ 
are given by the left and right hand sides of 

X{U 2p _ 2 {X) + U (X))[X+] P = (C/ 2p _ 3 + U X {X) + 2YU p ^{X))[Xt]p 

(5.28) 

respectively in P(W P ). By the recursion relations for Chebyshev polynomials 
it therefore follows that 

(CVi(X) - 2YU P - 1 (X))[X+] P = . (5.29) 

We write Z[X, Y\jl and Z[X, Y\j J out as free abelian groups to compute 
their rank 

and see that the ranks are 4p — 2 and 2p respectively. □ 
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Theorem 43. The fusion products for all simple and all projective W p - 
modules are given by 

min{s+t— l,2p— 1— s— t} m 

X»®X» = Xr © PT (5.31) 

i=\s-t\ + l;2 i=2p+l-s-t;2 
min{s+t— l,2p— 1— s— t} m m 

x»®p?=Q)pr © 02-pr © 02-pr^ 

i=|s-t|+l;2 i=2p+l-(s+*));2 i=p+l-(s-t));2 

P*<8>J? = 2 ■ X+®P+ © 2 ■ X~_^P+ , 

where "; 2 " indicates that the summation variable is incremented in steps of 
2 and 

m={ P , forp-ieven 
y p — 1 for p — % odd 

The product on the Grothendieck group induced by the fusion product is given 
by 

min{s+t—l,2p+l—s—t} ifi 

■ [x;\ K = Y.i x ru + £ 2([xn* + totm , (5-33) 

i=\s~t\ + l;2 i=2p+3-s-t;2 

where 

f p — 2 for p — i even /K „ 

m = { -i f ■ AA ■ 5 - 34 

y p—\ for p — 1 odd 

Proof. The above fusion rules can be computed directly in Z[X, Y] by using 
multiplication formula for Chebyshev polynomials 

k+j 

U k {x)U j (x)= U ^ x ) ( 5 ' 35 ) 

i=\k-j\;2 

and subsequently projecting onto P(W P ) or K(W P ). Note that the ";2" in the 
subscript of the sum indicates that the summation variable k is incremented 
in steps of 2. □ 
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